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We analyze quantum state tomography in scenarios where measurements and states are 
both constrained. States are assumed to live in a semi-algebraic subset of state space and 
measurements are supposed to be rank-one POVMs, possibly with additional constraints. 
Specifically, we consider sets of von Neumann measurements and sets of local observables. 
We provide upper bounds on the minimal number of measurement settings or outcomes that 
are required for discriminating all states within the given set. The bounds exploit tools from 
real algebraic geometry and lead to generic results that do not only show the existence of 
good measurements but guarantee that almost all measurements with the same dimension 
characteristic perform equally well. 

In particular, we show that on an n-dimensional Hilbert space any two states of a semi- 
algebraic subset can be discriminated by k generic von Neumann measurements if k{n — 1) 
is larger than twice the dimension of the subset. In case the subset is given by states of 
rank at most r, we show that k generic von Neumann measurements suffice to discriminate 
any two states provided that k{n — 1) > 4r(n — r) — 2. We obtain corresponding results for 
low-rank matrix recovery of hermitian matrices in the scenario where the linear measurement 
mapping is induced by tight frames. 
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I. INTRODUCTION 

Let us note in the beginning that the reader mainly interested in low-rank matrix 
recovery can find our corresponding results in Section IV. There we find linear measurement 
mappings induced by tight frames that can discriminate any two matrices of rank at most 
r. 

Quantum state tomography, which aims at identifying quantum states from the out¬ 
comes of an experiment, is a central task in quantum information science. Full state 
tomography is often challenging and sometimes infeasible. However, if there is some prior 
information about the state under investigation, this can considerably simplify the prob¬ 
lem: the number of measurement settings necessary to uniquely identify a given state can 
significantly decrease if the state is not arbitrary but is known to he on a confined subset 
of state space. 

Using topological properties of the measurement map and the constrained set, lower 
bounds on the minimal number of measurement settings necessary to discriminate any two 
pure states were obtained in [1]. Relating these topological features of the measurement 
map to stability properties, it was shown in [2] that under the premise of stability the 
approach of [1] can be generally applied. Using this result, lower bounds on the necessary 
number of measurement settings for several other subsets were obtained in [2]. 

The present article deals with the issue of finding upper bounds: given a subset of state 
space, find a measurement scheme that can discriminate any two states of this subset with 
as few measurement settings as possible. This appears to be a rather hard problem in 
general. Already in the case of pure state quantum tomography it has received significant 
attention in topology [3, 4], quantum information science [1, 5-9, 9-14] and sampling theory 
[15-18]. 

In addition to constraining the set of states, we also restrict the set of measurements 
in order to capture the fact that arbitrary measurements may not be feasible in an ex¬ 
periment. The imposed constraints could for example be the restriction to von Neumann 
measurements or to local measurements when dealing with a multipartite system. The case 
of pure state tomography with von Neumann measurements was addressed in [11, 19, 20]. 
In [11, 19] it was shown that any two pure states can be discriminated by merely 4 von 
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Neumann measurements. This is known to be sharp for pure states of an n-dimensional 
Hilbert space if n > 4 and [20] has a special focus on the cases n < 4. The more gen¬ 
eral setting of low-rank matrix recovery with restricted measurements was considered in 
[21]. However, their focus is to determine the asymptotic behaviour, and this allows us to 
improve on some of their results. 

We propose a method that can deal with these problems rather generally and we then 
apply it to different scenarios. 

In this article we neither consider the statistical aspects of quantum tomography nor 
the algorithmic problem of reconstructing the state from the measurement data. 

Outline. In Section H we fix notation, introduce measurement schemes that are relevant 
in the following and give some preliminary results about hermitian matrices of bounded 
rank. Furthermore, we illustrate the connection between phase retrieval and quantum 
tomography. 

In Section HI, we propose a method to find sets of measurements that can discriminate 
any two states of a given subset of the state space, generalizing the approach taken in [15] to 
find frames for the phase retrieval problem. The method can be applied to all semi-algebraic 
subsets and it can naturally deal with constrained measurement like e.g. von Neumann 
measurements. Rather than giving explicit constructions, the method asserts that almost 
all sets of measurement that fulfil certain constraints allow for a unique identification. 

In Section IV, we apply this procedure to low-rank matrix recovery, showing that a 
generic frame with m > 4r(n — r) frame vectors can discriminate any two hermitian 
matrices of rank at most r. This generalizes [16] where the case r = 1 was considered. In 
addition we shown that the statement also holds when restricting to tight frames. 

In Section V, we prove that under a further condition the sets of measurements obtained 
by the method introduced in Section HI fulfil the stability property introduced in [2]. In 
the scenarios where the method is feasible this condition is satisfied and therefore the 
stability property holds rather generally. 

In Section VI, we present the main result of this paper. Loosely speaking, it asserts that 
one can perform tomography on all semi-algebraic subsets of the state space by measuring 
sets of positive operator valued measures (POVMs) that consist exclusively of rank one 
operators, in particular von Neumann measurements. From this result we straightforwardly 
obtain Whitney type embedding results for these measurement schemes. Furthermore, we 
consider the problem of discriminating states of bounded rank: In [1, 2] lower bounds on 
the number of measurement outcomes necessary to uniquely identify quantum states with 
bounded rank were established and these lower bounds turned out to be close to the upper 
bounds obtained in [1] where it was shown that 4r(n — r) measurement outcomes suffice 
in order to identify states of an n-dimensional system with rank at most r. However, the 
measurement that does realize this upper bound has a rather complicated structure. We 
prove that the same upper bounds as in [1] can be realized when measuring a POVM 
which exclusively consist of rank one operators and we prove similar results for measuring 
sets of von Neumann measurements. Note that our results come with less measurement 
outcomes than the compressed sensing approach of [10], however we do not provide a 
tractable reconstruction procedure. 

Section VH deals with the problem of reconstructing states of multipartite systems from 
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the expectation values of local observables. Just like in Section V, we first give a theorem 
stating that one can do tomography on all semi-algebraic subsets of the state-space by 
performing measurements of this type. Then we obtain Whitney type embedding results 
and also for the problem of identifying states of bounded rank we obtain corresponding 
results. 

In Section VIII, proofs of technical results are given. 

Most of our results assert that almost all measurements have a certain property. In the 
Appendix we discuss the measure with respect to which this is true. 


II. PRELIMINARIES 

Throughout T-L denotes a finite-dimensional complex Hilbert space. H{'H) denotes the 
real vector space of hermitian operators^ on % and S{'H) denotes the set of quantum states 
on 7^, i.e. S{'H) = {^> G H(TL) : g > 0,tr(^)) = 1}. We regard H{'H) as an inner product 
space, equipping it with the Hilbert-Schmidt inner product. The Hilbert Schmidt norm is 
denoted by || • || 2 . By SH{T-L) := {X G H{'H) : ||V||| = tr(X^) = 1} we denote the unit 
sphere in H{T-L). Furthermore, for a subset A C A(A) denotes the set of differences 

of operators in A, i.e. A(A) = {X — Y : X,Y G A}. M{m,n,C) (M(m, n,M)) denotes 
the set of complex (real) m x n matrices and we write M{n,C) (M(n,M)) as shorthand 
forM(n,n,C) (M(n,n,M)). 

In the following, measurements are modelled by linear mappings form the set of her¬ 
mitian operators (respectively hermitian matrices) to M™', where m is the number of mea¬ 
surement outcomes. 

Definition II. 1 (Measurement map). A linear mapping h : H{'H) —)■ is called a 

measurement map. The number of outcomes of h is m. 


(Constrained) Measurements in Quantum Mechanics 

In this section we focus on the specific measurement maps that typically arise in quan¬ 
tum mechanics. In quantum mechanics POVMs are used to describe general measurements 
[22, 23]. For the purpose of this article a POVM on is a tuple P = {Qi, ■ ■ ■ ,Qm) of 
positive semidefinite operators on TL such that 

m 

^ Qj = tn- 

i=l 

An element of P is called an effect operator. We define the dimension of P by dimP := |P|. 
A whole measurement scheme might consist of measuring more than one POVM. 

Definition II.2. A measurement scheme onTL is a tuple M = (Pi,... ,Pk) of POVMs on 
TL. We define the dimension of M by dimM := dimPi dimP^. 


^ We denote the adjoint of a linear operator B : Tii —>■ P2 by BT 
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A POVM P can be identified with the measurement scheme that just contains P. In the 
following we sometimes make use of this identihcation and regard POVMs as measurement 
schemes. 

A POVM P = (Qi,, Qm) induces a measurement map 

hp : H{n) 

X^{tv{QiX),...MQmX)). 

Similarly a measurement scheme M = (Pi, ... ,Pk) induces a measurement map 

hM : H{n) MPil+-+Pd 

X^{hp,iX),...,hp,iX)). 

Definition II.3. A measurement scheme M is called TZ-complete for a subset TZ C 3(1-1) 
if hM\n is injective. 

Our main results are statements about rank one POVMs and von Neumann measure¬ 
ments, so let us define these terms: A POVM P is called rank one POVM if all effect 
operators are of rank one. We denote the set of m-dimensional rank one POVMs on li 
by XVf'{li). In the following we implicitly assume that m > dimP because otherwise 
XVf'(l-L) would be empty. 

Later on we often use the following correspondence between linear isometries and 
AIj"(C"'): The equations 

M'*'M = In, M € M(m,n,C), 

can be considered as real algebraic equations under the identification M(m,n,C) ~ 

The solution set U(m,n) is the set of linear isometries U : C"' —>■ C”^. Note that U(m,n) 
is non-empty if and only if m > n and that for n = m it is the set of unitaries. We write 
U(n) as shorthand for U(n,n). 

Let {ei}jg|i,,, „i} t)e the standard basis of C”^. Then, the sought correspondence is 
given by the map 

f : U(m,n) Mf^(C^) 

U {U^eie\U,...,U^eie\U). 

If the effect operators of a POVM are projections on mutually orthogonal subspaces, 
the POVM is called von Neumann measurement. In this article, we just deal with rank 
one von Neumann measurements and therefore, in the following, the term von Neumann 
measurement always refers to rank one von Neumann measurements. Note, that the set 
of rank one von Neumann measurements is precisely the set of (dimP)-dimensional rank 
one POVMs. 

The measurement scheme consisting of k m-dimensional rank one POVMs on P is 
denoted by M.'f^f.(l-L), i.e. 

>f™^(P) = {(pi,...,pfc) :P*gM™(P)}. 

For m = dim P this is the set of k rank one von Neumann measurements which, we denote 
by 
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Hermitian Matrices of Bounded Rank 

In this section we prove a lemma about hermitian operators with bounded rank, which 
is frequently used in the following. Denote by Vr{T~L) the set of hermitian operators on % 
with rank at most r, i.e. Vr{Ti.) := {X € H{'H) : rank(X) < r}. We write P" as shorthand 
for Vr{C^). 

Lemma II. 1. P” is a real algebraic set of dimension r(2n — r). 

Proof. First note that P” is a real algebraic set: It is given by the set of points X G M(n, C) 
for which all (r + 1) x (r + l)-minors vanish and that satisfy X = These conditions turn 
into a set of real algebraic equations under the canonical identification M(n, C) ~ . 

To determine the dimension of Vf consider the semi-algebraic set = {(Ti ,... ,Pr) ■ 
Pi € Vi, tr(PjPj) = 5ij, Pi > 0} The dimension of is given by r(2n — r) — r. 
To see this, consider the smooth and transitive action of U{n) on the complex matrices 
M{n,C) given by {U,M) —)■ {U,UMU^) and let Vd be the orbit of the diagonal matrix 
D := diag(r, r — 1,..., 1,0,...) under this action. Noting that the stabilizer subgroup of 
D is U{n — r) X U{lY we obtain Vd — U{n)/{U{n — r) x 17(1)’’) by Theorem 3.62 of [24]. 
But the semi-algebraic map if : Vfd —)• Vd, (Pi, ... ,Pr) e-)■ clearly bijective. 

Hence we find dim = dim(17(n) /{U{n — r)xU (1)’’)) = v? — {n — r)^ — r = r(2n — r)—r 
by Theorem 2.8.8 and Proposition 2.8.14 of [25]. 

The semi-algebraic map 


rj-.W xVY ^ Vf 

^ ( 2 ) 
(Ai, . . . , Ar, Pi, ... , Pr) e-> AjPj. 

i=l 

is clearly surjective. By Theorem 2.8.8 of [25], we hence conclude that dimP" < dim Vj,” -|- 
r = r(2n —r) and furthermore that indeed dimP” = r(2n —r) by noting that (f is injective 
if we require Ai > ... > A^ > 0. □ 

Corollary II.2. The set T>i := {X G P" : tr(X‘^) = 2} is a real algebraic set of dimension 
r(2n — r) — 1 and the set V 2 := {X G Vf : tr{X‘^) = 2, tr{X) = 0} is a real algebraic set 
of dimension r{2n — r) — 2. 

Proof. From the proof of Lemma II. 1 it is immediate that both Pi and P 2 are real algebraic 
sets. To determine the dimension of Pi, one can go along the lines of the proof of Lemma 
II. 1 and simply replace M” by the unit sphere S'^~^ in the definition of the mapping r]. 
Similarly, to determine the dimension P 2 , one can go along the lines of the proof of Lemma 
II.1 and this time replace M” by {x G 5'”“^ : ^^27=1 ~ ™ definition of the mapping 

r]. □ 


^ A hermitian matrix is positive semidefinite if and only if all of its principal minors are greater than of 
eqnal to zero. Thus, the equations Pi > 0 can be regarded as algebraic inequalities. 
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Frames and Rank One POVMs 


Finally, we discuss the connection between pure state tomography and the phase re¬ 
trieval problem in sampling theory. A finite set F = {ui,..., Vm} of vectors in C”" is called 
a frame if there exist constants a, 6 > 0 such that 

m 

i=l 

A frame F = {vi,, v^} induces a measurement map 

Mp : C"/~ ^ 

14) 

[x] (|(ui,x)p,... ,\{vm,x)\^) 

where x ~ y iff there is a A € M such that x = Since the task in phase retrieval is 

to reconstruct signals modulo phase from intensity measurements, one considers frames F 
such that Mp is injective. 

Each frame F = {ui,..., Vm} induces a map 

hp : H(C^) 

, , (5) 

A (tr(Auiu}),..., tT{Xvmvln)). 

Noting that hp{xx^) = Mp{x), we conclude that hpp\pn is injective if and only if Mp is 
injective. 

A corollary of one of our main results is a statement about tight frames, so let us 
define this term. A frame F is called tight frame if a = 6 in inequality (3). If in addition 
a = b = 1, F is called tight frame. 

The following proposition shows the well-known fact that tight frames correspond to 
rank one POVMs. 


Proposition II.3. Let F be a tight frame. Then the associated set of rank one operators 
Pp is a POVM. 

Proof. Let F = {ui, ... ,Vm}- Since E is a tight frame, we obtain the following equality 
from inequality (3): 

m 

^ \{Vi,x)\^ = \\x\\l. 
i=\ 

This can be rewritten as 

m m 

\{vi,x)\^ = tr(xx'^ = ||x|p. 

i=l i=l 


^ Note that Mp is also well-defined for F = {ui,..., Vm} with Vi G C", i.e. if we do not require F to be a 
frame. 



But since this holds for all x G C"" we conclude that YllLi ~ Assume YllLi 7^ 
Ic"- Since i® hermitian there has to be an eigenvector w of '^*^1 with 

eigenvalue A 7 ^ 1. But then — "^Il'“^ll 2 7 ^ ll^lli; ^ contradiction. □ 

Remark Note that the correspondence is given by the map cj) defined in equation (1) 
where the frame vectors are given by the rows of the isometry. 

Let P be a POVM. In pure state tomography, not hpl'pn is required to be injective, but 
hp\s^ where ;= {q G 5(C'^) '- 0 ^ = 0 ) is the set of pure states. However, by the 
definition of a POVM, G P and this implies that if hp\s'^ is injective, also hp\p^ is 
injective. From this point of view, pure state quantum tomography with rank one POVMs 
is equivalent to phase retrieval with tight frames. 


III. THE BASIC IDEA 

Let us begin by explaining the basic idea of the method we utilize to find one-to-one 
measurement schemes which originates from the approach taken in [15] to find frames for 
the phase retrieval problem. 

The method essentially relies on the following observation: A measurement scheme 
P := ((Qi, • • •, Qm)j • • •) {Qi: ■ ■ ■: Qm)) i® P-complete with respect to a subset TZ C S{'H) 
if and only if the equations 

tr(Q-V)=0, i G {1,... ,m - l},j G A:} ( 6 ) 

have no solution for X G A(P) — {0}. 

For a given subset TZ C S(TL), we want to characterize non-injective measurement 
schemes via the equations ( 6 ) and use the dimension theory of semi-algebraic sets to show 
that these have measure zero. Therefore, we consider measurement schemes that are con¬ 
strained by real algebraic equalities or inequalities. In the following, the set of measurement 
schemes is a semi-algebraic set A4 such that for all M G Ad we have dim P = m, VP G M 
and \M\ = k where m, /c G N are some fixed numbers. For example, if /c = 1, this could 
be the restriction to the set of m-dimensional rank one POVMs Adj”(P). Furthermore, in 
order to ensure that the equations ( 6 ) in fact become real algebraic equations, we have to 
replace A(TZ) — {0} by a suitable semi-algebraic set. We do this by constructing a semi- 
algebraic set P C with the following property: If there is a measurement scheme 

M and an V G ^{TZ) — {0} with 

hM{X) = 0 (7) 

then there exists X' Gl) with 

hM{X') = 0 . ( 8 ) 


^ Here we identify H{'H) with (dim P) ^-dimensional real affine space. 
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If a semi-algebraic set V C H{'H) with 0 ^ P has this property, we say that T) represents 
A(7e) - {0}. 

The solution set of the equations (8) characterizes the non-injective measurement 
schemes: Let Ai be the real semi-algebraic set obtained from Af x D by imposing the 
equations (8). By construction of iD, the non-injective measurement schemes are con¬ 
tained in the projection of AI C Af x P on the first factor with the canonical projection 
TTi : AI X P — 7- Af. But if dimA^ < dimA^, we also have dim7ri(A^) < dimAI ^ and 
thus the non-injective measurement schemes have measure zero in Af. Here we used the 
well-know fact that, for a suitably chosen measure, the measure of a semi-algebraic subset 
S' of a semi-algebraic set A has measure zero in A if dim A > dimS. For more details on 
the measure see Appendix A. 

This approach is most efficient if the equations (8) are transversal to AI x P. In this 
case dimAI < dimAI is equivalent to k{m — 1) > dimP and thus the quality of our result 
is determined by how low-dimensional we can choose the semi-algebraic set P. 


IV. LOW-RANK MATRIX RECOVERY WITH FRAMES 

To illustrate how this procedure works, let us consider the problem of low-rank matrix 
recovery with frames. We show that any two hermitian matrices of rank at most r can be 
discriminated from a generic frame with m > 4r(n — r) frame vectors. The proof we give 
is inspired by the proof of Theorem 3.1 in [15]. Let r G {1,..., [n/2]}®. 

Theorem IV. 1 (Low-Rank Matrix Recovery with Frames). Let m > 4r(n —r). For almost 
all frames F = {ui, ..,Vm} the map hplv" (see Equation (5)j is injective. 

Proof. Let F = (vi,..., Vm), Vi G and consider the equations 

vjXvi = 0, i € {1,... ,m}, (9) 

in Vi G C’^, X G A(P™) — {0}. As explained above, these equations determine the subset 
V of P G C”™' ~ ]^ 2 nm hp\'pn fails to be injective. 

Note that A(P") — {0} = P^r “ {0}. Consider the algebraic set P ;= {X G PJr • 
tr(A^) = 1} and note that we have dimP = 4r(n — r) — 1 by Corollary 11.2. Furthermore, 
P represents A(P") — {0}: Clearly 0 ^ P. Next, consider a measurement scheme M and 
X G V 2 r — {0} such that /im(A) = 0. But then there is A' ;= ^ ^ such that 

hM{X') = p^/im(A) = 0. 

Under the identification ~ ]^ 2 nm equations (9) are m equations on the real 

algebraic set x P and next we prove that imposing these equations decreases the 

dimension of C”™ x P by at least m: Note that it suffices to prove that imposing the 
equation (9) on C"'’”, for fixed A G P, decreases the dimension by at least m. But for 


® TTi maps semi-algebraic sets to semi-algebraic sets and does not increase the dimension. See Theorem 
2.2.1 and Proposition 2.8.6 of [25]. 

® Here [x\ —largest integer i such that i < x. 
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fixed X gV, the i-th equation of (9) just involves the variables of the i-th factor in (C"')'”. 
Thus it suffices to prove that for given X gT> imposing the equation 

p{v) := Xv = 0, V G C”, (10) 

on C” ~ decreases the dimension by at least one. But for given X gD there is u G C” 
such that p{v) = Xv = tr(Xuu^) 7 ^ 0 because H{C"') has a basis of rank one operators 
and X ^ 0. Thus, (10) is a non-trivial algebraic equation on the irreducible algebraic set 
C” ~ But this immediately implies that (10) does decrease the dimension . 

Let A4 be the algebraic subset of C”’” x D obtained by imposing the equations (9) 
and denote by tti : C”™ x D ^ ^nm canonical projection on the first factor. For 
m > dimP = 4r(n — r) — 1, we find dim 7 ri(Al) < dimC"'’” = 2nm since imposing the 
equations (9) on C”™ decreases the dimension by at least m. Thus, we conclude that 
has Lebesgue measure zero ® in C"'*”. Hence, the subset of T G i^nm £gj. 

/liT’l'pn is injective has full Lebesgue measure. Note, that the subset of frames in C"’’” has 
full Lebesgue measure for m > n. Choosing the measure on the set of frames to be the 
restriction of the Lebesgue measure, also the subset of frames for which Mp is injective 
has full measure. □ 

For r = 1, this is the phase retrieval problem and in this case Theorem IV. 1 reproduces 
the main result of [16]. 

Corollary IV.2. Let m > An — 4. For almost all frames F = {vi, ..,Vm} the map Mp 
(see Equation [A)) is injective. 

Proof. Let F = {ui,..., Vm}, Vi G C”, and consider the equations 

\{vi,x)\^ - \{vi,y)\^ = vjixx^ - yy'^)vi = 0, f G {1,... ,m}, 

in X, y, Vi G C” where xx^ — yy^ 7 ^ 0. These equations determine the subset N oi F G 
£_nm ^ Mp fajlg to be injective. It is easily seen that the equations 

v\Xvi = 0, i G {1,..., m}, (11) 

where X G A('P”) — {0}, determine the same subset N . But the equations (11) are precisely 
the equations (9) for r = 1. Thus, the proof can be concluded by going along the lines of 
the proof of Theorem IV. 1. □ 

A similar result holds true for tight frames. 

Theorem IV.3 (Low-Rank Matrix Recovery with Tight Frames). If k{m — 1) > 4r(n — 
r) — 1, then for almost all collections of tight frames Fi,... ,Fi:, with |F)| = m for all 
i G {1,..., k}, the map {hp .,^,..., hp^)\p^(^C") injective. 

The proof of this Theorem relies on Lemma VI.l which is our main technical result. 
Therefore we relegate its proof to Section VIII. 


^ Every proper algebraic subset of the irreducible algebraic set has dimension less than 2m. 
® The Lebesgue measure on R" is a rescaling of the n-dimensional Hausdorff-measure. 
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V. STABILITY 


The measurement schemes obtained by the method presented in Section III typically 
come with a stability property. Let 

M{ni,...,nk) := {M := : P* POVM with dimP* = nj. 


In this section we denote A4(ni,... ,nk) by M. We equip M with the topology induced 
by the metric 


d{M,M') := \\hM — /im'II = sup 

xghIc”) 


\\hM{X) — hM'{X)\\2 
WXh 


where M, M' G M.. 


Definition V.l. Let TZ C 5(C"') be a subset. An TZ-complete measurement scheme 
M £ A4 is stably TZ-complete if there exists a neighbourhood M of M such that every 
measurement scheme M' £ M is TZ-complete. 

Let TZ C 5(C"') be a subset and let P C 5(C"') be a semi-algebraic set that represents 
A{TZ) — {0}. Consider the semi-algebraic map 


V’ : V 
X 


p(e 

A 


( 12 ) 


By Proposition 2.2.7 and Theorem 2.8.8 of [25], P := is semi-algebraic with dimP < 
dimP. Furthermore P clearly represents A(77) — {0}. 


Lemma V.l. // P is closed, every TZ-complete measurement scheme M £ Ad is stably 
TZ-complete. 


Proof. Note that P C SH{C^). SH{C^) is compact and thus P is compact being a closed 
subset of a compact set. By the continuity of the induced map Lm and compactness of P, 
K := minj,j.g^ ||/iM (^)||2 exists and k > 0 since M is 77-complete. Now let B{M, k/ 2) := 
{M' £ Ad : supx£SH(C") II^m(A) — h'j^{X )\\2 < k/ 2} and note that P(M, k/ 2) is open. 
But then 


min \\hM'{X)\\ > min \\hM{X)\\\ - min \\hM'{X) - hM{X)\\ 
xeTi x&v xev 

> min \\hM{X)\\\ -max\\hM'{X) - hM{X)\\ 

X<£D X€V 

>K- max \\hM'{X) - hM(X)\\ 
xeSH{cp 

> K — k/2 = k/2. 

Thus all measurement schemes M' £ B{M, k/2) are 77-complete. □ 

Remark Note that P need not be closed for this lemma to apply: In the situations 
presented in the following the conclusions solely depend on the dimension of P. By Propo¬ 
sition 2.8.2 of [25] the dimension of P coincides with the dimension of its closure P in 
the norm topology on H{PA). Furthermore, by Proposition 2.2.2 of [25], the closure of a 
semi-algebraic set is semi-algebraic. Thus P represents A{TZ) — {0} and dimP < dimP. 
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VI. QUANTUM TOMOGRAPHY WITH VON NEUMANN MEASUREMENTS 

Universality of Rank One POVMs 

The following lemma is the main technical result of this article. It asserts that the 
equations (8) are independent when restricting to rank one POVMs. More precisely let 
% = and denote by {ei}je{i,...,n} the standard basis of 
For a fixed non-zero X € i?(C"'), consider the equations 

pj(Ml,..., Mfc) := tr(M/ejeJ-MiX) = e]MiXM} e, = 0, 
i£{l,...,k}, j £ 

gf (Ml,..., Mfc) := ejM/M^Q - 5ji = 0, 

i£{l,...,k}, j,l €{!,... ,n}, 

in (Mi,...,Mfc) G njL;^M(m,n,C). Under the canonical identification M{m,n,C) ~ 
these can be considered as real algebraic equations in the 2knm variables 
(Mi,...,Mfc). 

Lemma VI.I. Let X G H{C^) with X ^ 0. Imposing the equations (13) on 
n(UiM(m, n, C) decreases the dimension by at least kn^ -\- k{m — 1). 

Remark Regarding V G H G H[LX) as an variable, the equations (13) can be considered 
as equations on M(m, n, C) x V. Then, Lemma VI.1 implies that imposing the 

equations (13) on n^=i M(m, n, C) x P decreases the dimension by at least -|- k{m — 1) 
for every semi-algebraic set V C H[LX) with 0 ^ P. 

Since the proof of this result is rather technical we relegate it to Section VIII. Lemma VI. 1 
allows us to prove the main theorem of this section. 

Theorem VI.2 (Universality). For TZ Q <S(C"') a subset, let F be a semi-algebraic set 
that represents A{R) — {0}. If k{m — 1) > dimP, almost all measurement schemes M G 
AI™^(C"') are stably TZ- complete. 

Remark Note that Theorem VI.2 reduces the problem of Ending an 7^-complete rank 
one POVM for some subset TZ C S{Ti) to finding a semi-algebraic subset F C II[Ti) 
which represents A(TZ) — {0} and in this sense Theorem VI.2 guarantees the universality 
of rank one POVMs. Furthermore the quality of the result solely depends on the algebraic 
dimension of F. 

The proof of this result can be found in Section VIII. 

From this Theorem we directly obtain a Whitney type embedding result for rank one 
POVMs. Essentially, it is a direct consequence of the following lemma. 

Lemma VI.3. Let TZ Q S{'H) be a semi-algebraic subset. Then dim(A(7?.) — {0}) < 
2 dim 7^. 
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Proof. We can assume w.l.o.g that TZ is algebraic, because if not we can take its Zariski 
closure Let Diag(7?. x TZ) := {(X, y) £ TZ x TZ : X = y}. Noting that Diag(7^ x 7Z) is 
an algebraic set, V := (TZ x TZ) — Diag(7^ x IZ) is quasi-algebraic. But the semi-algebraic 
map 

A(7^) - {0} 

(Xi,X2)^^1-^2 

is surjective, and thus dim(A(7^) — {0}) <T> = 2 dim7^ by Theorem 2.8.8 of [25]. □ 

Corollary VI. 4. Let TZ C <S(C”) he a subset. If k{m — 1) > 2 dim 7^, almost all measure¬ 
ment schemes M E are stably TZ-complete. 

Proof. We can assume w.l.o.g. that TZ is algebraic because if not we can consider its 
Zariski closure. By the proof of Lemma VL3, A(7^) — {0} is semi-algebraic and furthermore 
dim(A(7^) — {0}) < 2 dim7^. Finally, Theorem VI.2 with V = A{TZ) — {0} concludes the 
proof. □ 

Two special cases of this Theorem may be of particular interest. 

Corollary VI. 5. Let TZ C 5(C”') be a subset. If k{n — 1) > 2 dim 7^, almost all tuples of 
k von Neumann measurement M G X1^jy(C”) are TZ-complete. 

Proof. This immediately follows from Corollary VI.4 for m = n. □ 

Corollary VI. 6. Let TZ C 5(C'^) he a subset. If m — 1 > 2 dim 7?., almost all rank one 
POVMs M G are stably TZ-complete. 

Proof. This immediately follows from Corollary VI.4 for k = 1. □ 

Remark Effectively we have the bound m — I > max{2dim7^, n — 2} which is due to 
the fact that a rank one POVM on has to be at least n-dimensional. If we relax this 
to merely requiring the POVM to be projective this shortcoming can be avoided, i.e. for 
projective POVMs m — I = 2 dim 7^ -|- I can be attained. This can be seen by modifying 
the proof of Lemma VI.I. 


Rank One POVMs for States of Bounded Rank and States of Fixed Spectrum 

In this section we improve the Whitney type bounds of Corollary VI.4 for the cases in 
which the subset TZ Q 5(77) is given by the states of bounded rank or the states of fixed 
spectrum. The results we obtain in this section easily follow from theorem VI.2. Let us 
note that all results of this section can be immediately transferred to measurement schemes 
which fulfil a universality property analogous to theorem VI.2. 

In the following, r G {I,..., [n/2]}. Denote by Sr{Ti) the states with rank at most r, 
i.e. Sr{TI) := G 5(77) : rank(£)) < r}. We write Sf as shorthand for Sr{C^). 

In analogy to the proof of Theorem IV.I, we first construct the set we use to represent 
A{Sr{'H)) — {0} and determine its dimension. 


® The algebraic dimension is invariant under taking the Zariski closure, see Proposition 2.8.2 of [25] 



14 


Lemma VI.7. The set T> := {X G V 2 r{T~L) : tr(X) = 0, tr{X‘^) = 2} is an algebraic set 
that represents A{Sr{'H)) — {0} and diniD = 4r(dim'H — r) — 2. 

Proof. Note that SrfU) C Vr{Ti) and thus X{Sr{Ti)) C X{Vr{Ti)) = V 2 r{'H). V 2 r{'H) 
is algebraic by Lemma II. 1 and hence V 2 r{T~L) — {0} represents A(<S,.('H)) — {0}. In fact 
A{Sr{'H)) — {0} can be represented by a smaller set. Namely one can consider set V : = 
{X G 'P 2 r{T~i) : ||V ||2 = tr{X‘^) = 1, tr{X) = 0}. Note that T? is algebraic by Corollary 
II.2 and that 0 ^ P. The equation tr{X) = 0 just considers the fact that states have 
unit trace. Next consider a measurement scheme M and X G A{Sr{TL)) — {0} such that 
hMiX) = 0. Then, there is X' := ^ ^ such that hM{X') = 0. Hence V indeed 

represents A(5r(7^)) —{0}. Finally, by Corollary II.2, we have dim(D) = dim('P 2 r(^))—2 = 
4r(n — r) — 2. □ 

Theorem VI.8. If k{m — 1) > 4r(n — r) — 1, almost all measurement schemes M G 
are stably Sf-complete. 

Proof. Using the set of Lemma VL7 to represent AfJZ) — {0}, the result follows directly 
form Theorem VI.2. □ 

As explained in Section IV.A of [2], the lower bounds on the immersion dimension 
of complex flag manifolds of [26] transfer to lower bounds on the dimension of SriH)- 
complete POVMs. In addition, the discussion following this explanation suggests that the 
upper bound on m we obtain here is close to optimal. 

Next, let us state some corollaries of this theorem. 

Corollary VI.9. If k{n — I) > 4r(n — r) — I, almost all tuples of k von Neumann mea¬ 
surements M G are stably Sf -complete. 

Proof. This follows from Theorem VI.8 for m = n. □ 

For r = I this reproduces the main result of [II]. In Table I you can see how this result 
compares to the lower bounds of [26] for some explicit scenarios. 

Corollary VI. 10. If m — 1 > 4r(n — r) — 1, almost all rank one POVM P G A4j"(C”) 
are stably Sf-complete. 

Proof. This follows from VI.8 for /c = 1. □ 

Finally we consider states of hxed spectrum. Let s be a spectrum on C” and denote 
by Sf C <S(C"') the states with spectrum s. 

Corollary VI. 11. Let s be a spectrum on C” such that the highest multiplicity of an 
eigenvalue in s is n — r. Then, if k{n — 1) > 4r(n — r) — 1, almost all tuples of k von 
Neumann measurements M G are stably Sf -complete. 


10 


A spectrum on C" is a multiset of n increasingly ordered positive real numbers that sum up to one. We 
call the elements of s eigenvalues. 
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l\k 

2 

3 

4 

5 

6/7 



6 

6/7 



7 

7/7 

9/10 


8 

7/7 

9/10 


9 

7/8 

9/10 

12/12 

10 

7/8 

10/10 

12/13 


TABLE I: Lower bounds on the minimal number of von Neumann measurements necessary to 
discriminate any two quantum states of rank at most k from [26] for Upper bounds on the 

minimal number of von Neumann measurements necessary to discriminate any two quantum states 
of rank at most k from Corollary VL9 for 


Proof. This follows directly from Theorem VI.8 for m = n noting that A(5”) — {0} can 
be represented by the set of Lemma VI.7 □ 

Corollary VI. 12. Let s be a spectrum on such that the highest multiplicity of an 
eigenvalue in s is n — r. Then, if m — 1 > Ar{n — r) — 1, almost all POVMs P G 
are stably -complete. 

Proof. This follows directly from Theorem VI.8 for k = 1 noting that A(5”) — {0} can be 
represented by the set of Lemma VI.7. □ 


VII. QUANTUM TOMOGRAPHY WITH LOCAL OBSERVABLES 

In this section we address the problem of reconstructing states of multipartite systems 
from the expectation values of local observables. 

Let TL = C!”* ^iicl let n ■■= nil n*. We define the set HiociTL) of local observables 

on TL by 


Hioc{n) := {Oi (8 ... 0 Ofc : Oi G SH{C^^)} C HiU). 

Just like a POVM, a tuple of observables O := (Oi,... ,Om) C H{TL)'^, induces a linear 
map ho '■ H{Ti) —>■ X i—)■ (tr(OiX),... ,tr{OmX)) and hence Definition 11.3 and V.I 
naturally generalize to finite tuples of observables. 

The following theorem is the analogue of Theorem VI.2 and it is the main result of this 
section. 
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For more details see Lemma IV.3 of [2]. 
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Theorem VII.1. (Universality) For TZ C S{l-L) letT> C H{Fi) he a semi-algebraic set that 
represents A(7^) — {0}. If m > diniD, almost all O € are stably TZ-complete. 

The proof of this Theorem is given in Section VIII. 

Again, we directly obtain a Whitney type embedding result for subsets TZ C 5(7^) if 
the measurement consists of determining expectation values of local observables. 

Corollary VII.2. Let TZ Q >5(7^) be a subset. If m > 2dim7^, almost all O G 
are stably TZ-complete. 

Proof. We can assume w.l.o.g. that TZ is algebraic because if not we can consider its Zariski 
closure. By the proof of Lemma VI.3, A{TZ) — {0} is semi-algebraic and dim(A(7^) — {0}) < 
2 dim 7^. Finally, Theorem VII.1 concludes the proof. □ 

Just like in the case of rank one POVMs also this measurement scheme applies to the 
problem of discriminating states of bounded rank or states of hxed spectrum. 

Corollary VII.3. If m > Ar{n — r) — 1, almost all O G Hioc{T-L)^ are stably Sr{Ti)- 
complete. 

Proof. Let 77 be the quasi-algebraic set of Lemma VL7. Then the result follows directly 
from Theorem VII.l. □ 

Corollary VII.4. Let s be a spectrum on 77 such that the highest multiplicity of an eigen¬ 
value in s is n — r. If m > 4r(n — r) — 1, almost all O G HiociH)"^ are stably Sg-complete. 

Proof. This follows directly from Corollary VIL3 noting that the set of Lemma VL7 rep¬ 
resents A(5”) — {0}. □ 

Finally, let us apply Theorem VII.l to local Pauli observables on qubit systems. Let 
77 = 0t C^. The set of local Pauli observables 77o-(77) on 77 is given by 

77<,(77) := {ui ® ... O cTrf : a, G SHiC^%} 

where 77(C'^*)o := {X G 77(C"'*)o : tr(X) = 0} is the real vector space of traceless 
hermitian n* x n* matrices and SH{C^^)o := {X G : ||V ||2 = 1} is the unit sphere 

in 

Corollary VII.5. Ifm > 4r(2‘^—r) —1, almost allO G 77o-(77)™ are stably Sr{Ti)-complete. 

Proof. Theorem VII.l also holds for i7o-(77) The remainder of the proof is then along 
the lines of the proof of Corollary VIL3. □ 
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See the remark after proof of Lemma VIII.3. 
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VIII. TECHNICAL RESULTS 
Proof of Lemma VI. 1 

Before giving the proof of Lemma VI.l let us first explain the methods we use to 
compute the dimension of the relevant algebraic set. 

We take advantage of the fact that the dimension of an algebraic set V is given by 
the dimension of the tangent space at non-singular points of U(see Definition 3.3.3 of 
[25]). Let us make this more precise: Let M[xi,... ,Xn] be the ring of real polynomials in 
n variables and denote by dp the differential of a real polynomial p G M[xi,... ,Xn], i.e. 
My) = Eti * \ydxi. Let Vi be the real common zero locus of a set of real polynomials 
I := {pi,... ,Pm} C R[xi,... ,Xn]. For all x G Vi, 

m 

'^aidpi{x) = 0 (14) 

i=l 

gives a system of linear equations in cci,..., am G M. In the following we mainly use the 
following facts: 

1. The rank of the system of linear equations (14) at a non-singular point of Vi is given 
hy n — d where d is the dimension of V/ 

2. The non-singular points of Vj are an algebraic subset of dimension less than d by 
Proposition 3.3.14 of [25]. 


By computing these systems of linear equations, we prove that for a given non-zero 
X G 77(C”), imposing the equations (13) on n^^^M(m, n,C) decreases the dimension by 
at least n? -|- k{m — 1). 

First, let us state a lemma which allows us to efficiently compute the systems of linear 
equations for the equations (13). Let A G M(s,m,M), C G M(m,f,M), B G H{VA). 
Furthermore, identify M{m,n,C) with R^mn canonical map i : M{m,n,C) — 

Y |_^ (Re(y), Im(y)) . Then the equations 

pI{Y) := lra{AYBY^C)io = 0, pf,(Y) := Re{AYBY^C)io = 0, 

/ G {0,... , s}, o G {0,..., f}, 

can be considered as real algebraic equations in the variables := (Re(Y))jk,yjf, := 
(Im(y))jfc, i G {0,..., m}, /c G {0,..., n}. 

Lemma VIII.1. Let Y G M{m,n,C) be such that AYBY^C = 0. Then, the system of 
linear equations 

S t 

E E KodpHiY) + aldpliY)) = 0 
1 = 1 0=1 


See Definition 3.3.4 and Proposition 3.3.10 of [25]. 
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in € M, G M is equivalent to MaC'^YB + CMaAYB = 0 where {Ma)io ■= 
+ ^ G {0,... ,s},o G {0,... ,t}. 

Proof. Let 

S t 

Ljk = {dyR - idyi ^) ^ ^ (a^ + a/o p/o) , j G {1,... , m}, /c G {1,... , n}. 

^ ^ l=l 0=1 


Then the system of linear equations {Lji^iY) = fn},ke{i,...,n} is equivalent to 

L{Y) = 0 since 


s t / m n m n 

^ = EE {{dyRPw)dyfk + {dyi^Pw)dyjk) + «io E E {S^vfyio)dyfk + (dyiyio)dy^jk) 

1—1 0—1 y j—l k—l j—l k—l 

m n / / s t \ / s t \\ 

= E E E E y Pw + a\o via) ] dyfk + dyi^^ ^ ^ (af, pf, + al pi) j dy^^ I 

j^l k^l \ \ 1^1 0=1 / \ Z=1 0=1 / / 


= EE (Re(Ljfc)dj/ffc - lm{Ljk)dy^y^) . 

j=i fc=i 


Let dy.^ = dyR - idyi^ and note that dy.^Yim = 25ji5km, ^y.^^A = 0- Then, 

hW') = iS,.;,-iS,.p±Y.U. -{AYBY'‘C + AY*B*Y^C)io + al — iAYBY^^C - AY*B*Y^C)i. 
^ ^ 1^1 0=1 ^ ^ 

. s t 

= X.EE {iM*)UAYBY^C)io + {MMAY*B*Y^C)io) 

/^1 0=1 
s t m n 

= EEEE {{M*)ioAipSpjSyk{BY^C)qo + {MMAY*B*)ig6qkSpjCpo) 

1=1 0=1 p=l g=l 

= {A^M*C'^Y*B'^ + CMlAY*B*)jk 

= {A^M^C'^YB + CMlAYB)*y. 

Hence L{Y) = 0 is equivalent to A"^MaC'^YB + CMaAYB = 0. □ 

Under the identification M{m, n, C) ~ ]^ 2 mn gjygj^ l^y map i defined above, also the 
equations 

ri^(y) := Re(yty)z„ - 5io = 0, rl{Y) := ImiY^io = 0, 

/,oG {l,...,n}, 

can be considered as real algebraic equations in the variables := {Be{Y))jk-,y^jk 
(Im(y))jfc, i G {0,..., m}. A: G {0,..., n}. 

Corollary VIII.2. Let Y G M{m,n,C) be such that Y'^Y — = 0. Then, the system of 

linear equations 

n 

L{Y) := ^ {yodrP,{Y) + jljrUY)) = 0 

/,o=l 
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in 7 ;^ G R, 7 /g G R is equivalent to Y{M^ + m\) = 0 where {M^)io := 7 ;-^ + i'yj^, l,o ^ 

{1, • • • ,n}. 

Proof. The proof of this result can be obtained by going along the lines of the proof of 
Lemma VIII.l, so we just give the calculation that differs: L{Y) = 0 is equivalent to 
{Ljk{Y) = where 


L,k{Y) = {d^n - idy0 (lUliY^Y + Y^Y*)io + iLyA^^Y - Y^Y*)io) 


= E {{M;)io{Y^Y)i, + {M^)UY^Y*)i,) 


1,0 — 1 


n m 

= EE {{M;)ioSkoSjp{Y^)ip + {M^)io{Y*)poSikSpj) 

1,0—1 P—1 

= {Y*M; + Y*MYjk 
= (YM^ + FMt);,. 


Hence L(Y) = 0 is equivalent to Y (M^ + My) = 0. 


□ 


Remark Note that combining the equations of Lemma VIII.l and Corollary VIIL2 yields 
the system of linear equations Y{My + My) + A'^MaC'^YB + CMaAYB = 0 (see equations 


14). 


Let us now give the proof of Lemma VI.l. 

Proof. For a given non-zero X G iL(C"') and i G consider the following equa¬ 

tions in (Ml,..., Mfc) G n^=i M{m,n,C): 

p{ (Ml,..., Mfc) := tr(M/eje]MiV) = ejMjVM/ej = 0, j G {1,..., m}, 

and 

qj\Mi,.. .,Mk) := {M}Mi)ji - Sji = 0, j,l G {1,... ,n}. 

Under the canonical identification n^=iC) ~ ]^ 2 fcnm^ these equations can be 
regarded as real algebraic equations in 2knm variables. Let p := {Pi}j6{i,..,,m} 

Ji ■— {Qi 

We have to show that the dimension of the real common zero locus of the equa¬ 
tions Kk = U Ji is at most 2kmn — kn^ — k{m — 1). Denote by ii : 

M(m, n,C) —7> n^^^M(m, n, C), M (-> (M, 0,...) the inclusion in the first factor and 
let TTj : n^^j^M(m, n, C) —> M{m, n, C), (Mi,..., Mi ,..., M^) i-> Mi be the projection on 
the i-th factor. Then we find U Jj = (Ji U Ii) o ti o vr^, where (Ji U Ji) o ii o tTj := 
{poii oTTi : p G Ji U/i}. Thus, we conclude that Vk^. — \Ai=i ^Ki and it suffices to reduce 
to k = 1. We stick to the notation introduced in the beginning of this section and denote 
the algebraic set obtained from M{m, n, C) by imposing the equations I := Ii and J := Ji 
by V/uj- 
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Let us now determine the system of linear equations L associated to / U J at [/ G V/uJ- 
The contribution of the j-th equation of / to L is obtained from Lemma VIII.l by choosing 
A = el, B = X, C = 64, Y = U and thus the contribution of I is given by 

J ' 

m 

afejeluX, af eR. 
i=i 

Similarly, by Corollary VIIL2, the contribution of J to L is given by, 

U{M^ + Mt) 

where := yjl + ^ {1, • • • ^ Si^®® condi¬ 
tions on the hermitian part of and define L G iL(C"') by L := -|- My. 

Combining these two parts, the system of linear equations associated to the equations 
lUJ at U G h/uJ is equivalent to the following system of linear equations in ai,..., am G M 
and G M, jIj G M, k, j e {1,... ,n}, 

Ur + D^UX = 0 (15) 

where = YlJLi Observing that L is uniquely determined by the equations (15), 

the rank of (15) is at least n? and we can reduce to the anti-hermitian part of (15) to find 
the remaining m — 1 independent equations: 

0 = UTU^ YD^UXU^ - (UTU^ + D^UXU^y = -[UXU^D^]. (16) 

Next we study the commutator [UXU^, Da] in detail. As X is an arbitrary hermitian 
matrix, we have to carefully consider all possible combinations of eigenspaces, or more 
precisely eigenspace degeneracies, X could have. 

In order to achieve this, let us begin with the following example, which will be the 
starting point for the decomposition of X: Let M be a subset of {1,... ,m} and define 
the diagonal projection Dm G M(m,M) by e\DMe-j := where = 1 for j G M 

and 0 else. The following observation is the crucial idea for the remainder of the proof: 
If [UXU\ Dm] 7^ 0 for all proper subsets M of {1,... , m} then m — 1 of the operators 

are linearly independent. To show this, assume that there are 
ttj G M, j G {1,... ,m}, with ^ ai for some k,l such that YlJLi aj[UXW, D^jj] = 0. 
Since the commutativity of hermitian matrices is determined solely by their eigenspaces, 
we deduce [UXU^, De] = 0, where E := {j G {I,... ,m} : aj = a^}. But this is a 
contradiction since E is a proper subset of {1, • • • ,rn,}. Hence, the only solution is oi = 
02 = • • • = ttm and this proves the claim. Thus, in this case we conclude that the solution 
of the system of linear equations (16) is given by ai = ... = am and hence there are m — 1 
linearly independent equations. 

Next, we decompose V/uJ into quasi-algebraic subsets for which the argument we just 
gave can be applied^^. Let P[m] be the set of partitions of {1,... ,m}. We say that a 
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By means of this decomposition we can separately consider all possible eigenspace degeneracies of X. 
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subset S C {1,..., m} is subordinate to a partition P G P[m] if there is M £ P such that 
S' is a proper subset of M. For given P G P[m], define the quasi-algebraic set Wp to be 
the set of [/ G Vjuj such that 

[Dm,UXU^] = 0, yM £P, (17) 


and 


[Dn,UXU^] /O, ViV C , m} subordiante to P. 

The set Vjuj can clearly be decomposed into the sets Wp: 

Viuj= U Wp. 

P€P[m] 

Having already checked that 2mn — dimlFp = m — 1 -|- if P is the trivial partition, 
we conclude the proof by showing that 2mn — dimlFp > m — 1 + n? for all non-trivial 
P G P[m\ In order to prove this, we first show that the rank of the system of linear 
equations associated to Wp is at least + m — 1 for all points in IFp. 

Let P = {Ml,..., Ml, Mi^i} G P[m] be an arbitrary non-trivial partition. Choosing 
A = Dmj, B = X, C = idm and Y = U in Lemma VIII.l yields 

Dm,Mp^UX + mIVm,UX, 

where Mp. G M(m,C) with {Mp.)io := Uo £ {l,...,m}, ^ ^ 

and similarly with the roles of A and C exchanged. Thus, equation (17) for Mj gives the 
following contribution to the system of linear equations associated to ITp at [7 G IFp: 

[Dm„M^^-MI]UX. 

Thus, the system of linear equations associated to ITp at t/ G ITp is equivalent to the 
following system of linear equations in ai, ..., am G IR, 7^- G IK ,'ylj G IK, k, j £ [1,... ,n}, 
and I3^i„ £ M, G M, j G {1,... , / -7 1}, /, o G {1,..., m): 

l+i 

UT + D^UX + - mIJUX = 0 . 

k=l 

Again, we can eliminate T by reducing to the anti-hermitian part to obtain 
i+i / 1+1 

UTU^ + D^UXU^+J2[Dm„M^JUXU^ - uru^ + D^UXU^ +J2{DM,,Mg]UXU^ 

k=l \ k=l 

1+1 

++ [UXU^,Da,]+Y,[UXU\[Mg,DM,]]=0, ( 18 ) 
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Note that, depending on the choice of X, many of the Wp might be empty, li X = In, n = m for 
instance, all Wp would be empty. 
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where is the anti-hermitian m x m matrix defined by := Mp. — M^,. 
Conjugating with Dmj yields 

[[/XC/t,Z)M,Z?a] = 0 , 

where we used \UXU'^ ^Dmj] = 0 together with Dm^IDm^ = DMjMp,DMj - 

DMjMp,DMj = 0. By construction of Wp, we have [UXW,DMjDM] ^ 0 for all proper 
subsets M C Mj. Since the commutativity of hermitian matrices is solely determined by 
their eigenspaces we conclude just like in the case of the trivial partition that DmjDoi oc 
Dmj for all j € {1,..., ^ + 1} Thus, if there is C/ € Wp, the rank of (18) at U is at 
least + m — ^ — 1 . 

To hnd the remaining I independent equations consider the remaining equations 

l+i 

i=i 

There is ..,/ + !} with DmiUXU^ ^ 0 because otherwise we would conclude 

that l/XW^ = 0 which is a contradiction since U € U(m,n) and X ^ 0 hy assumption. 
Multiplying by Dm^, from the left and Dmi from the right yields 

l 

Y,Dm,[UXU\[M^^,Dm,]]Dm,=0 

i=i 

i 

j=i 

^[UXUIDm,{M^^ - = 0 . 

For each k G {1,+ 1} — {f} this gives at least one equation on First, assume 

\Mi\ = 1. Then there is g G {1,... ,m} such that Mj = {g}. Furthermore, since 

0 / Dm^UXU^ = Dm^UXU^Dm^ = {e'^gaggerUXUU)qq^, 

we conclude that eqUXWq ^ 0. But this is a contradiction to the g-th equation of I. 

Hence we can assume |Mj| > 2. By construction of IFp there is an eigenvector Vk ^ 0 
of UXU^ in the range of Dm^ with eigenvalue and a eigenvector Uj 7 ^ 0 of UXU"^ in 
the range of DMi with eigenvalue Aj. Since we assumed |Mj| > 2, by construction of VFp, 
UXU^ has at least two eigenvectors in the range of Dj^i with different eigenvalues because 
otherwise there would be a proper subset of C Mi such that [C/XC/f, Hjv] = 0. Thus, 
we can choose Aj such that Aj 7 ^ Afe. We then hnd 

vl[UXU\DM,{Mf^ - = 0 

— Mp^)vi{\k — Aj) = 0 
^vlugvi - vlMgvi = 0. 


In particular, note that if Da solves the system of linear equations (18) we have [UXU^, Da] = 0. 
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But this clearly gives a non-trivial condition on since = Mp. — M^,. Thus we 
conclude that, if there is [/ G Wp, the rank of (18) at U is at least m — ^ — l + / = m—1 
and hence the rank of the system of linear equations associated to ITp at [/ is at least 
+ m — 1. But if ITp is non-empty, it does contain a non singular-point by Proposition 
3.3.14 of [25]. And thus the rank of the system of linear equations associated to Wp at 
this non-singular point is at least tt? + m — 1. Hence 2kmn — dimlTp > -|- m — 1 by 

Proposition 3.3.10 of [25]. 

□ 


Proof of Theorem VI.2 

Proof. Let ■0 be the map defined in (12). We can assume that D is a closed subset of 
SH{C^) because if not we can replace it by the closure of V’(H) without increasing its 
dimension Let Ak := {{Ui,... ,Uk, X) G ^ ^ = 0) i ^ 

{l,...,m},z G {1,...,A:}}. 

First, we hx the measure on A10^(C"'): Let 0 be the map defined in equation (1). We 
dehne the measure on A4)”^(C"') to be the pushforward measure of the 2A:nm-dimensional 
Hausdroff measure on OiLi U{m,n) C ]^ 2 nmA:^ := = |U//(0“^(A)) 

for A C A4()^(C"') a measurable set. 

Note that 0 is the quotient projection with respect to the left action of the toral 
goup T := T{m) := {diag(Ai,..., A^) : A* G U{1)} on given 

by {{Ui,... ,Uk),iTi,... ,Tk)) {{Ui,... ,Uk),{TiUi,... ,TkUk)). Also note 0hat the 

equations (13) are invariant under the action of T and hence T7ri(Al) = 7ri(A4) where 
TTi : X ^ ^ i® the projection on the first factor. Thus, for 

hH(7ri(Ad)) = 0, we find 

fj, (^(j) o Tri{M)J = [ip (^0o7ri(A4)^^ 

= HP (T7ri{M)J 
= HH (^7ri(A4)^ = 0. 

Hence, it suffices to prove that hh{t^i{M)) = 0. 

Finally, for k{m— 1) > dimP we find dim7ri(A4) < dim](([^^j^ [/(m,n)-|-dimH —m(/c — 
1) < dim](([^^j^ U{m,n) by Lemma VI.l. So 7ri(A4) has ^p-measure zero in 0^=1 U{m,n). 
The stability follows directly from Lemma V.l. □ 

Remark Note that by the remark after Lemma VI.l, this proof just depends on P C 
and hence naturally extends to semi-algebraic subsets TZ C H(C^). Furthermore, 
this proof shows that indeed 7ri(A4) has ^up-measure zero in 11^=1 Thus the 

statement of Theorem VI.2 naturally also holds for tight frames U G U{n,m). 
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See remark after Lemma V.l for more details. 
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Proof of Theorem VII. 1 

For a given non-zero X G consider the equations 

p\{0\,Ol),{OT, ..., OD) := tr((01 ® ® Ol)X) = 0, i G {1,..., m}, (19) 

in {{Ol,... ,Ol),{O^,,0]^)) G Under the identification~ 

2 

, these equations can be considered as real algebraic equations in the variables 
((0|,..., O^), • • •, (O™, • • •, OJ^)). The following Lemma is the analogue of Lemma VI.l. 

Lemma VIII.3. Let X G H{'H) be non-zero. Imposing the equations (19) on 
Hdecreases the dimension by at least m. 

Proof. The equation pi just involves the variables (0j,...,0^) of the i-th factor of 
. Thus, it suffices to prove that, for given non-zero X G impos¬ 

ing the equation 


p((Oi,..., Ok)) := tr((Oi ® ® Ok)X) = 0 (20) 


on n(L^5Lf(C'^*) decreases the dimension by at least one. 

In order to see that this is true, note that there are {Oi,... ,0k) G Il^^iSH{C'^^) 
such that tr((Oi (8) • • • 0 Ok)X) 0 because iL(C”*) has a basis of normalized local 

operators and V 7 ^ 0. But then, the equation (20) is a non-trivial algebraic equation on 
the irreducible algebraic set n^^^5'iL(C'^*) and thus the dimension has to decrease since for 
a proper algebraic subset V of an irreducible algebraic set W we have dimU < dim IT. □ 

Remark By going along the lines of the this proof, it is easily seen that Lemma VIIL3 
also holds when going from hermitian matrices to traceless hermitian matrices, i.e. if 
we replace (njL;^5iL(C'^*))™' by (n^^;^5iL(C’^*)o)™'. Furthermore, the proof of Theorem 
VII.l also holds when going from (n^^^5iL(C'^*))™ to (n(L^5R(C'^*)o)™' and considering 
ffioc,o(n) := {Ol 0 ... 0 Ofe : Oi G SH(C^%} instead of Hiodn). 

Now we can give the proof of Theorem VII.l. 

Proof. Let ■0 be the map defined in (12). We can assume that D is a closed subset of 
SH{Pi) because if not we can replace it by the closure of ipi'D) without increasing its 
dimension Let A4 be the semi-algebraic set obtained from (n^^j^R(C"'0)”^ x P by 
imposing the equations (19). 

For m > dimP we get dim 7 ri(A 4 ) < dim(n^^^5R(C"'0)™ by Lemma VIIL3. 

Now consider 0(7ri(A4)) where 

0 : (nti5R(C"0)”^ ^ {Hioc{n))^, 

{0\,...,0l),...,{0T,...,0^)^{0\®---®0l),...,{0T®---®0^). 
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See remark after Lemma V.l for more details. 
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Note that 0 is a surjective semi-algebraic map and thus (Hiod'H))^ is semi-algebraic with 
dim.{{Hioc{'H))"^) < dim((n^^j^S'i7(C"'*))™). Furthermore, 0 is injective when restricting to 
positive matrices and hence d := dim(Ff/oc(W))”^ = dim(n^^j^5-?/(C'^*))™. 

Finally, since dim7ri(A^) < d and 6 is semi-algebraic, we have dim (0(7ri(A^))) < d and 
thus 9{'Ki{A4)) has zero d-dimensional Hausdorff measure. Stability follows directly from 
Lemma V.l. □ 


Proof of Theorem IV. 3 

Proof. By going along the lines of the proof of Lemma VI.7, it is easily seen that P := 
{X G P 2 r(di) ■ tr(V^) = 2} represents XifPf) — {0} and furthermore we have dimP = 
4r(n — r) — 1 by Corollary 11.2 Applying Theorem VI.2 to the set P then concludes 
the proof. □ 


Appendix A: Hausdorff Measure on Semi-Algebraic Sets 

The term ’’almost” all used in many of the results of the present article refers to the 
Hausdorff measure on real affine space. In this section we define the Hausdorff measure 
and we prove the well-known fact that a semi-algebraic set of dimension d has zero {d+ 1)- 
dimensional Hausdorff measure. 

For a non-empty subset A C the diameter of S is dehned by diam(5') ;= sup{||a; — 
y \\2 :x,yG S}. 

Let m G M. For an arbitrary subset S C M” the m-dimensional Hausdorff measure 
is dehned by (see Section 2.3 of [27]) 

OO 

Ph{S) — lim inf{y^(diam(5i))™' : S C UjgFf(5j), diamS* < <5}. 

i=l 

Proposition A.l. Let m > n. A semi-algebraic set S of dimension n has zero m- 
dimensional Hausdorff measure. 

Proof. Every n-dimensional semi-algebraic set S can be expressed as S = IJ^=i some 

A: G N where the Si are diffeomorphic to (0,1)"'S ni < n (see Proposition 2.9.10 of [25]). 
Let us denote these diffeomorphisms by (pi : (0,1)”* — Si. Since S' is a hnite union it 
suffices to prove that the m-dimensional Hausdorff measure of Si is zero for m > n. 

For each point p £ Si, there is a neighbourhood Np of p such that (j)i\Np is Lipschitz. 
Constructing such neighbourhoods for all p £ Si, we obtain an open cover of Si by the open 
sets {Ap jpgs', and since M” is second countable there is a countable subcover {SiDNp.fj^f^. 

Finally, we just have to see that the Hausdorff measure of Np. is zero for all j £ N. But 
(pi{Np.) is the image of a set of zero m-dimensional Hausdorff measure under a Lipschitz 
map and thus (pi{Np.) has zero m-dimensional Hausdorff measure as well. □ 


Note that the definition of a representing set naturally generalizes to subsets TZ C H{C"). 

Theorem VI.2 also applies in this situation. See the remark after proof of Theorem VI.2 for more details. 
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Remark Note that this proof in particular shows that the n-dimensional Hausdorff mea¬ 
sure of an n-dimensional semi-algebraic set does not vanish and hence it is a suitable 
measure for our purposes. 

The set of measurement schemes always is a semi-algebraic subset 5 of a real affine space 
and the measure we choose for S is the m-dimensional Hausdorff measure where m is the 
dimension of S. If we say that almost all elements of an m-dimensional semi-algebraic set 
S has a certain property we mean that it fails to hold on a subset H C 5 that has m- 
dimensional Hausdorff measure zero. We do this by showing that the algebraic dimension 
of A is smaller than m and applying Proposition A.l. 
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